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Carathéodory’s extension theorem concerns the striking fact that o-additivity on an algebra is
already enough to extend a set function to a measure on a o-algebra containing that algebra.

The theorem, due to the Greek mathematician Constantin Carathéodory, gives a general con-
struction of such an extension. But even Kallenberg, not known for rhetorical excess, calls the
key step an “ingenious technical result.” The purpose of this note is to arrive at the key step
naturally.

Let p be a o-additive non-negative set function on an algebra A of subsets of S, with (@) =0
and values in [0, 00]. That is, i is a premeasure. Let p* be the induced outer measure,

p*(T) = inf {ZM(An) T C | An, A€ A} :
n=1 n=1

The induced outer measure agrees with p on A:

WA =p(4),  AcA

Suppose that we want to adjoin a set £ C S to the algebra. Write
A[E] = alg(AU{E}).

The outer measure p* is already defined on every subset of S. It is therefore natural to ask
whether, on the enlarged algebra A[E], it is still a premeasure extending u.

Definition 1. A set F C S is Carathéodory measurable if

1| age)
is a premeasure.

Since pu* = p on A, such a premeasure automatically extends the one with which we started.
Notice also that every A € A is measurable in this sense, since A[A] = A.

We now see what this definition implies for the outer measure itself.

Lemma 1. If E is Carathéodory measurable, then for every T C S,

W (T) = p* (TN E) + (T N E9). (1)
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Proof. Since p*| 4(g is a premeasure, for every A € A the disjoint union
A=(ANE)U((ANE°

gives

p(A) =p (ANE) + p" (AN E).

Now let T'C S, and let

Then
pH(TNE)+p(TNE) <Y p*(AnNE)+ > (A, N E°)

n n
D ITENES S}
n n
Taking the infimum over all such covers gives
W (T AV B) + u*(T 0 %) < (T,
The reverse inequality follows from subadditivity. O

The splitting identity (1) is different from the definition we started with: it no longer refers to
the algebra A, but only to the fixed outer measure p*. This suggests considering all sets for
which it holds at once. Let

M={ECS:u"(T)=p" (TNE)+ p* (T NE°) for every T C S}. (2)

By Lemma 1, every Carathéodory measurable set belongs to M. In particular, A C M. We
now ask what structure this class has. The answer is Carathéodory’s theorem.

Theorem 1 (Carathéodory). The class M is a o-algebra containing A, and p*|aq is a complete
measure extending p. Moreover, M is exactly the class of Carathéodory measurable sets in the
sense of the definition above.

Proof. The class M is plainly closed under complements. It is also closed under finite unions.
Indeed, if E, F' € M, then for every T'C S,

p(T) = p (TNE)+p"(T'NE°)
=p (TNE)+u (TNE‘NF)+pu"(TNE°NF°)
>u(TN(EUF))+p (TN (EUF)°).

The reverse inequality follows from subadditivity, so E U F € M. Thus M is an algebra
containing A.

Let now E,, € M be pairwise disjoint and put

oo
E = U E,.
n=1

For every T' C S, repeated use of (2) gives

N N ¢
pi(T) =Y p* (T N Ep) + p* (Tﬂ <U En) ) .
n=1

n=1



Since
N C
TﬂECgTO<LJEJ,
n=1

we obtain

N
W) = S (00 Ey) + (T 1 E).

n=1

Letting N — oo and using countable subadditivity on

TNE=|/JTnE,)

gives
WH(T) 2 (T N E) + (T N EF).

The reverse inequality is subadditivity, so £ € M.
For arbitrary F, € M, replace them by the disjoint sequence
Fi=E, F,=E\|]JE
k<n
Since M is an algebra, F,, € M, and the union is unchanged. Hence M is a o-algebra.

Now let E,, € M be pairwise disjoint and set
E=JE.
n

Since E € M, repeated use of (2), with T' = E, gives
o
pr(E) = (B,
n=1

while countable subadditivity gives the reverse inequality. Thus p*|y is a measure. It extends
u because A C M and p* = p on A.

Finally, let N € M with p*(N) =0, and let £ C N. Then p*(T'N E) = 0 for every T' C S.
Also TN E€ C T, while
T=(TNE)U(TNE",

W (T) < p* (TN E) + (TN E) = 1" (TN E°) < " (T).

Hence E € M, and the measure is complete.

It remains to relate M back to the definition with which we started. Lemma 1 shows that
every Carathéodory measurable set belongs to M. Conversely, if £ € M, then, since M is a
o-algebra containing both A and E,

A[E] C M.

The restriction p*|p¢ is a measure, so its restriction to A[E] is a premeasure. Thus E is
Carathéodory measurable according to the definition above. Hence M is exactly the class of
Carathéodory measurable sets. O



